
Computers and Geotechnics 162 (2023) 105604

A
0

Contents lists available at ScienceDirect

Computers and Geotechnics

journal homepage: www.elsevier.com/locate/compgeo

Research paper

Finite element-based probabilistic framework including Bayesian inference
for predicting displacements due to tunnel excavation
Jocelyn Minini a,∗, Yi Zhang b, Marc Groslambert c, Stéphane Commend a,c,∗

a School of Engineering and Architecture, HES-SO, University of Applied Sciences Western Switzerland, 1700 Fribourg, Switzerland
b Technical department, Eiffage Génie Civil, 78140 Vélizy-Villacoublay, France
c GeoMod SA, 1000 Lausanne, Switzerland

A R T I C L E I N F O

Keywords:
Probabilistic analysis
Bayesian inference
Metamodelling
Serviceability limit state
Reliability
Non-linear finite element modelling

A B S T R A C T

Excessive settlements due to tunnel excavation in urban sites may affect the stability of sensitive buildings, and
additional design costs are needed to prevent these effects. In this article, a finite element-based probabilistic
framework is presented and applied to a real-world case study to estimate tunnel-induced settlements. This
probabilistic analysis framework consists of the following four fundamental elements: a sensitivity analysis to
identify key parameters, an a priori reliability analysis using metamodels to calculate reliability indices and
probabilities of failure, field monitoring results (e.g., settlements) and a Bayesian inverse analysis using the field
measurements to update the probabilities of failure a posteriori. This framework is materialized through the
linking of ZSOIL, a non-linear finite element soil–structure interaction software, and UQLab, a MATLAB®-based
uncertainty quantification toolbox. With the application of this framework to a real-world case study in the
Grand Paris Express project, key geotechnical parameters can be identified, reliability indices and probabilities
of failure can be computed using metamodelling-powered Monte Carlo (MCS) and adaptive kriging Monte Carlo
simulations (AKMCS). Finally, using Bayesian inverse analyses to update prior knowledge and refine posterior
prediction, the probability that the settlements exceed acceptable values can be reduced, potentially leading
to design cost savings.
1. Introduction

The need to construct tunnels, especially in urban environments, is
increasing due to the densification of the population. Tunnel construc-
tion inevitably induces ground settlement due to stress relief during
excavation. These movements, particularly settlements, may signifi-
cantly affect existing buildings and utilities, as well as to structures
under construction in the vicinity of the tunnel (Leca and New, 2007;
Zhang and Hamet, 2022). Regarding urban projects, limiting tunnel-
induced displacements is an important problem. These displacements
should remain within an acceptable level for the chosen design, which
can be calculated using either analytical solutions or numerical simula-
tions. Among them, the finite element method (FEM) is commonly used
for soil–structure interaction analyses to obtain precise and complete
results with carefully defined calculation hypotheses and characteristic
values of geotechnical parameters (CEN, 2004; Lees, 2016). However,
uncertainties in model parameters and associated model response vari-
ations are difficult to treat by deterministic or even semi-probabilistic
methods. Therefore, probabilistic methods may be suitable for consid-
ering these uncertainties (Duncan, 2000; Baecher and Christian, 2003;
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Zhang and Ng, 2005; Lacasse and Nadim, 2007; Phoon and Ching,
2018). Thus, by applying probabilistic methods (Hsiao et al., 2008;
Zhang and Goh, 2012; Xiao et al., 2016; Zevgolis et al., 2018; Al-Bittar
et al., 2018; Chen et al., 2019; Li et al., 2021), geotechnical problems
can be statistically analysed. Moreover, in recent decades, reliability-
based analyses (Fellin et al., 2005; Ang and Tang, 2007; Lemaire, 2009;
Marelli and Sudret, 2014; Fenton et al., 2016; Low, 2017; Melchers and
Beck, 2018) have become increasingly practised due to the emergence
of computational methods.

An annex concerning the reliability of geotechnical structures has
been added to ISO 2394-2015 (Phoon and Retief, 2015). In the JCSS
probabilistic model (JCSS, 2001) and Eurocodes (CEN, 2002), reliabil-
ity is expressed in terms of reliability indices or probabilities of failure
and used to measure the structural safety, maintainability, durability
and robustness. For example, in the Eurocodes, three reliability classes
RC1, RC2 and RC3 are defined. If the ultimate limit state (ULS) target
reliability index is well defined (CEN, 2002; Zhang and Toutlemonde,
2022), the serviceability limit state (SLS) target reliability index is not
explicitly expressed (CEN, 2002; Zhang and Commend, 2021).
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Nomenclature

Abbreviations

AKMCS Adaptive Kriging Monte Carlo Simulation
CI Confidence interval
ED Experimental design
LOO Leave-one-out cross validation
MCS Monte Carlo Simulation
MCMC Markov Chain Monte Carlo
PCK Polynomial Chaos Kriging
PDF Probability Density Function
SLS Serviceability limit state

Calligraphic

 Multi-set indices
 Domains
 Gumbel distribution
 Likelihood function
 Lognormal distribution
 FE model
̂ Metamodel
 Normal distribution
 Experimental design (FE Input)
 Experimental design (FE Response)
 Measurements set

Greek

𝛽𝑖 Beta reliability index
𝜀 Discrepancy term
𝜆 Confinement loss
𝜇𝑋 Expectation (moment)
𝜑 Friction angle
𝜎 Stress
𝜎𝑋 Standard deviation (moment)
𝛹𝛼 Polynomial basis
𝜓 Dilatation angle
𝜈ur Unloading–reloading Poisson’s ratio

Latin

𝑐 Cohesion
𝑐𝑢 Undrained cohesion
𝐷 Total variance
𝐷𝑖 Partial variances
𝑓𝑋 PDF
ErrLOO Leave-one-out empirical error
err𝐿𝑂𝑂 Leave-one-out relative empirical error
𝐸oed Tangent oedometric modulus
𝐸50 Secant modulus ( 12 of deviatoric stress

failure)
𝐸ur Unloading–reloading modulus
𝑚 Stiffness exponent (minor stress formula-

tion)
Mo Mode of a statistical distribution
𝑃𝑓 Probability of failure
𝑆𝑇𝑖 Total Sobol’ indices
𝑇FE Time needed by the FE software to generate

the ED
2

𝑈𝑦(𝑥) Settlement at position 𝑥
𝑦𝛼 Polynomial coefficients

According to the literature, the target SLS reliability index beta is 𝛽𝑖 =
1.5, corresponding to 𝑃𝑓 = 6.7% over a period of 50 years (Gulvanessian
t al., 2012). Therefore, more work on SLS reliability assessment is
eeded.

Although probabilistic methods have been commonly applied to
eotechnics, it can be found from the above literature that the majority
f previous studies have focused either on random variables (Zhang
nd Goh, 2012; Xiao et al., 2016) or analytical solutions (Hsiao et al.,
008; Zevgolis et al., 2018; Chen et al., 2019; Li et al., 2021). Few
robabilistic computations, including uncertainty quantification, sen-
itivity, reliability and Bayesian analyses, have been carried out with
inite element models. Therefore, the aim of this paper is to present

probabilistic analysis framework based on metamodelling-powered
inite element calculations.

The structure of this paper is organized as follows. First, a proba-
ilistic analysis framework using finite element modelling is proposed,
onsisting of four fundamental elements: a sensitivity analysis with
obol and Kucherenko methods to identify key geotechnical param-
ters, a reliability analysis to compute probabilities of failure, field
onitoring observations, and a Bayesian inverse analysis using field
easurements to improve the prediction performance. Then, a real-
orld case study regarding tunnel excavation in the White House
tation of the Grand Paris Express project is carried out to demonstrate
he power of this probabilistic analysis framework. Finally, concluding
emarks are provided.

. Probabilistic framework & governing equations - A toolbox

A probabilistic analysis can be applied to a geotechnical problem
y combining FE models and statistical methods. It is done by in-
roducing the problem’s parameters as a random variable resulting
rom geotechnical site investigation or past experience. However, to
he authors’ knowledge, the direct introduction of random variables
n geotechnical finite element software is generally not supported in
ommercial codes. In this paper, finite element-based probabilistic and
ayesian inverse analyses could be carried out due to the coupling
etween ZSOIL.PC (2020) and UQLab (Marelli and Sudret, 2014). Based
n Sudret (2007), Rocquigny et al. (2008) and Li et al. (2021), the
lobal methodology illustrated in Fig. 1 is applied in this study. (A)
ased on specific quantities of interest, an appropriate finite element
odel is chosen, and its solution is approximated by an accurate
etamodel. (B) Based on geotechnical tests, experience and literature,

he FE model parameters are characterized as probability density func-
ions. Then, a sensitivity analysis of the parameters is performed to
educe the dimension of the random vector defined as the prior. (C)

reliability analysis based on the Monte Carlo method is performed
o express the model response as a probability density function. The
robability of failure of the system is calculated according to previously
et thresholds. (C)’ Based on in situ measurements, an inverse Bayesian
nalysis is performed to reduce model parameter uncertainties. Then,
teps C and C’ are repeated until the model is calibrated with the in
itu measurements. This scheme is very general, and some steps can
e further extended for practical applications. Combining metamod-
lling, sensitivity analysis, observational methods, sequentially driven
ayesian analyses and risk analysis, this scheme can help in decision-
aking and in optimizing designs during construction (Straub and
apaioannou, 2015; Wang et al., 2016; Wagner et al., 2021).

We first consider a geotechnical problem whose mechanical be-
aviour can be represented by an FE model denoted :

𝑿 ∈  ⊂ R𝑀 ↦ 𝑌 = (𝑿) ∈ R (1)
𝑋
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Fig. 1. Visual representation of the global theoretical framework for uncertainty quantification.
where 𝑿 = {𝑥1,… , 𝑥𝑀} is a random vector including the 𝑀 probabilis-
tic input parameters of the problem and 𝑌 gathers the output quantity,
which is also called the quantity of interest (QoI). If multiple quantities
of interest are contained in the output, 𝒀 ∈ R𝑞 is defined as a vector
with 𝑞 components.

2.1. Metamodelling

Any Monte Carlo-based analysis usually requires a large number of
model evaluations. When this approach is chosen, the size of the input
set must be large to ensure sufficient accuracy. Running the model
many times causes the MCS method to be particularly unsuitable even
for simple finite element models. To solve this problem, metamodels
(also called surrogate models or approximation models) can be used to
replace the original FE model with an easy-to-evaluate model, such
as analytical expressions in closed forms. Since the first interpolation
and regression methods (Krige, 1951; Ghanem and Spanos, 1991) were
performed on numerical models, metamodelling techniques applied to
geotechnical problems have been widely used over the years (Zhang
et al., 2020a).

2.1.1. Polynomial Chaos Kriging (PCK)
Schöbi et al. (2015) showed that the coupling between Kriging

(interpolation) and PCE — Polynomial Chaos Expansion (regression)
could lead to a more accurate approximation of the original model
response. This approach is called polynomial chaos kriging (PCK). More
recently, Zheng et al. (2023) have shown that PCK is more accurate
than Kriging or PCE in predicting displacements caused by tunnel
excavation modelled by the finite element method, hence the use of
PCK for the approximation model in this paper. The global and local
behaviour is captured by combining orthonormal polynomials 𝛹𝜶(𝑿),
which describe the trend of the kriging, and the zero-mean, unit-
variance stationary Gaussian process 𝜎2𝑍(𝑿, 𝜔). The formulation of the
PCK is then obtained by

𝑌 ≈ 𝑌PCK = ̂PCK(𝑿) =
∑

𝜶∈
𝑦𝜶𝛹𝜶(𝑿) + 𝜎2𝑍(𝑿, 𝜔) (2)

2.1.2. PCK-error assessment
A proper way to verify the accuracy of a PCK is by a validation

set-based error. However, since this method requires additional model
evaluations that can be computationally expensive for complex simu-
lations, this option is excluded in the present study. Another method
consists of an experimental design-based error called the leave-one-out
(LOO) error. Since the PCK is a simple Kriging with an advanced trend,
the standard LOO error formulation for Kriging models can be applied
to quantify its accuracy. The LOO error is expressed in the following
form:

err(PCK)
𝐿𝑂𝑂 =

Err(PCK)
𝐿𝑂𝑂

Var[]
=

∑𝑁
𝑖=1

[

 (𝑖) − 𝜇𝑌 (−𝑖)
(

 (𝑖)
)]2

∑𝑁 [

(𝑖)
]2

(3)
3

𝑖=1  − 𝜇
where 𝜇𝑌 (−𝑖)(
(𝑖)) is the prediction mean at the sample  (𝑖) by a PC-

Kriging-based metamodel built on the reduced experimental design
 (−𝑖).

2.2. Sensitivity analysis

The aim of a sensitivity analysis is to describe how the variability
of the model response 𝑌 is affected by the variability of the input
parameters 𝑿. In a purely numerical consideration, the sensitivity
analysis may considerably improve the calculation time by reducing
the number of random variables of the problem. Furthermore, in an
engineering context, the sensitivity may help the modeller identify
the most impacting input variables on the model behaviour. Several
methods are available to perform such an analysis. To discuss both the
case of independent and dependent variables, Sobol’ and Kucherenko
methods are used in this study.

2.2.1. Sobol’-based sensitivity analysis
Sobol’ indices are based on the idea that an integrable function can

be decomposed into summands of different dimensions (Sobol, 2001;
Marelli et al., 2021). This decomposition only holds in the case of
independent input variables. The model’s total variance is described in
terms of the sum of the variances of the summands. The total Sobol’
indices are defined as the sum of the higher-order Sobol’ indices, which
represent the relative contribution of each group of variables {𝑋𝑖1 , …,
𝑋𝑖𝑠} to the total variance:

𝑆𝑇𝑖 =
∑

𝑖⊂{𝑖1 ,…,𝑖𝑠}

𝐷𝑖1 ,…,𝑖𝑠
𝐷

(4)

2.2.2. Kucherenko-based sensitivity analysis
Regarding the case of dependent variables, Kucherenko et al. (2012)

proposed a way to define sensitivity indices directly by decomposing
the output variance with the law of total variance, which enables a
generalization of the Sobol’ method applicable for dependent input
variables.

2.3. Reliability analysis

A limit state is defined as the state beyond which a system no
longer satisfies some performance measure (ISO 2394, 2015). A system
represented by a random vector 𝑿 ∈ 𝑿 ⊂ R𝑀 is considered. Two
subsets 𝑠 (safety domain) and 𝑓 (failure domain) can be defined
such that 𝐷𝑠, 𝐷𝑓 ⊂ 𝐷𝑿 . These two domains represent the safety and
failure regions delimited by the hypersurface 𝑔(𝑿), which is also called
the limit state function that assumes positive values in the safe region
and negative values in the failure region. Numerically, the distinction
between the safety and failure domains is introduced by the indicator
function of the failure domain:

𝟏𝑓 (𝒙) =
{

1 if 𝑔(𝒙) ≤ 0 ⇔ 𝒙 ∈ 𝑠 ,𝒙 ∈ 𝑿 (5)

0 if 𝑔(𝒙) > 0 ⇔ 𝒙 ∈ 𝑓
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Fig. 2. Illustration of the concepts described in Section 2.3. The safety (blue) and
failure (red) domains are defined by the surface 𝑔(𝑿) (gray)

Table 1
Empirical rules for the size of the sampling set 𝑁 .

Type of computation Size of sampling set 𝑁

Moments or PDF ∼103

Sensitivity indices ∼104 or 5

Probability of failure 𝑃𝑓 ≈ 10−𝑘 ∼10𝑘+2

2.3.1. Monte Carlo simulation (MCS)
Because of its statistically robust formulation, general convergence

and simple formulation, Monte Carlo simulations (MCS) are empha-
sized and used in this paper. In this context, the empirical probability
of failure 𝑃𝑓 is computed directly by covering the input domain with
a large sample set. Given a sample size 𝑁 of the input random vector
𝑿, the empirical probability of failure 𝑃𝑓 can be obtained by Eq. (6).

𝑃𝑓 = 1
𝑁

𝑁
∑

𝑘=1
𝟏𝑓

(

𝒙(𝑘)
)

=
𝑁𝑓𝑎𝑖𝑙

𝑁
(6)

To illustrate Eq. (6), Fig. 2(a) shows the well-known peak function
with a failure domain defined by 𝑔(𝑿) = 2.5 − Peaks(𝑿). Given two
standard normally distributed variables (𝑋1, 𝑋2), Fig. 2(b) is obtained
by successively evaluating the model according to these two random
variables.

Since the convergence rate of the MC method is approximately
proportional to ∝ 1∕

√

𝑁 and considering a confidence interval of 5%,
the rules listed in Table 1 can be applied to the sample size to ensure
sufficient accuracy (Sudret and Commend, 2021):

2.3.2. Adaptive Kriging Monte Carlo simulation (AKMCS)
Metamodels accurately predict the original model response in the

vicinity of the experimental design samples. When the original model
is highly nonlinear or/and the target probability of failure has a low
magnitude, these experimental design samples may not be optimal
for estimating the probability of failure with sufficient accuracy. The
AKMCS method solves this problem through an adaptive experimental
design that automatically generates more points in the neighbourhood
of the limit state function 𝑔(𝒙) = 0, thereby increasing the local quality
of the metamodel (Echard et al., 2011; Marelli and Sudret, 2021). The
probability of failure is then computed with Eq. (6). The PCK is a
standard Kriging with an advanced trend, and the AKMCS algorithm
remains applicable. Moreover, Schöbi et al. (2017) showed that its use
can significantly improve the convergence of the algorithm.

2.4. Bayesian analysis

Furthermore, the Bayesian analysis allows updating uncertainties
of the input parameters by inputting measurements into the model.
More precisely, the goal is to quantify how the prior has to be updated
for a match between the model response and the measurement set
 = {𝑧1,… , 𝑧𝑁}. To link the predictions with the observations and
to numerically solve the inverse solution, Eqs. (1) and (2) must be
extended by an additive discrepancy term noted 𝜺. The simplest form
4

Fig. 3. Simplified cross-section geometry of the project and quantity of interest.

is a zero-mean Gaussian with a standard deviation 𝜮. The observations
can then be approximated by

𝑍 ≈ 𝑌 + 𝜀 ≈ ̂PCK(𝑿) + 𝜀 where 𝜀 ∼  (0, 𝛴) (7)

Due to the information provided by on-site measurements, it is
possible to switch from the distribution of the output to the distribution
of the output given the observation and then to the distribution of
the input given the observation 𝑓𝑿 (𝑿 ∣ 𝑍), which is given by Bayes’
theorem:

𝑓𝑿 (𝑿 ∣ 𝑍) = 𝑎 ⋅ 𝑓𝑿 (𝑿) ⋅ (𝑿, 𝑍) (8)

where 𝑓𝑿 (𝑿) is the prior probability density function and the constant
𝑎−1 = ∫ ∞

−∞ (𝑥)𝑓𝑿 (𝑥)𝑑𝑥 is the normalizing constant that ensures that
the posterior distribution 𝑓𝑿 (𝑿 ∣ 𝑍) integrates to 1. If the observations
are statistically independent, the likelihood (𝑿, 𝑍) =

∏𝑁
𝑖=1 𝑓𝑿 (𝑧𝑖 ∣ 𝑥)

is the joint probability of observing 𝑍 given 𝑿. One measurement 𝑧𝑖 is
considered. Because of the additive discrepancy described in Eq. (7),
the likelihood function of (𝑿) is a Gaussian distribution centred
on the measurement 𝑧𝑖 such that the posterior distribution in Eq. (8)
becomes

𝑓𝑿 (𝑿 ∣ 𝑍) = 𝑎 ⋅ 𝑓𝑿 (𝑿) ⋅
𝑁
∏

𝑖=1
 (𝑧𝑖 ∣ (𝑿),𝜮) (9)

Since Eq. (9) does not have a closed form solution for most practical
cases, numerical methods are involved. The numerical method used
in this paper to solve the inversion is the Markov Chain Monte Carlo
(MCMC) method with the Affine Invariant Ensemble Sampling (AIES)
algorithm (Goodman and Weare, 2010; Wagner et al., 2021). To assess
the algorithm’s convergence, Gelman and Rubin (1992) proposed a
method to compare the within-chain and between-chain variances.
This method, called the Gelman–Rubin diagnostic, is used later in this
article.

3. White House Station - Case study description

The case study applying the probabilistic approach addresses a tun-
nel in the Grand Paris Express project. This tunnel is located at the fu-
ture White House Station on Line 14 of the Paris Metro (GoogleEarth).
The project is characterized by a dense urban environment with sen-
sitive and vulnerable existing neighbouring structures. Geotechnical
investigations were carried out during the geotechnical studies of the
G1, G2 and G3 missions per the standard (AFNOR, 2014). In total,
25 core drillings, 13 pressuremeter tests, 2 dilatometer tests, 1 cross-
hole test, 21 destructive drills and 5 static penetrometer drills were
carried out on an area of 5690 m2, i.e., 1 test per 73 m2. Furthermore,
numerous identification tests and mechanical property measurements
were performed in the laboratory (Zhang et al., 2020b, 2022). The soil
is composed of 6 different soil layers, including plastic clays between
two harder limestone layers located at the level of the new tunnel.
Fig. 3 shows the simplified cross-section geometry of the project.

https://earth.google.com/web/search/48.82198022604651,+2.358859754539425/@48.82199975,2.35905349,54.02565696a,540.20911577d,35y,35.30104101h,44.99608463t,-0r/data=CmgaPhI4GdJ6rqU2aUhAIfXKBuPx3gJAKiQ0OC44MjE5ODAyMjYwNDY1MSwgMi4zNTg4NTk3NTQ1Mzk0MjUYAiABIiYKJAmF30--rmlIQBHGVBNoL2hIQBm5407PO-cCQCEARu2AEM4CQA
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Fig. 4. Flow chart of the process used for probabilistic analysis of the White House Station project.
.1. Calculation approach

Fig. 4 shows the longitudinal section of the tunnel with the cal-
ulation steps corresponding to the procedure illustrated in Section 2.
urther explanations are given hereafter:

(A) We selected three cross-sections P3, P2, and P4 to de-
velop three finite element models using ZSOIL software.
Thereafter, we generated a dataset to train the PC-Kriging
metamodel and verified the adequacy of the training set
by computing the leave-one-out error for each model.

(B) The mean values of the probability density distributions
were established based on geotechnical laboratory tests.
Selecting the types of distributions and standard deviations
was based on relevant literature and our expertise. Using
these distributions, we performed sensitivity analyses on
the P3, P2, and P4 cross-sections to ensure that they were
influenced by the same set of parameters. The variables
that had no effect on the model response were fixed at
their mean values, while the impacting variables were
treated as random variables. The resultant random vector
was defined as the prior.

(C1) Using the prior distributions, we conducted reliability
analyses via PCK-based Monte Carlo and adaptive PC krig-
ing Monte Carlo simulations. We established the probabil-
ity density response of the model and computed the associ-
ated probability of failure according to pre-set thresholds.

(C′
1) In situ observations of surface settlements were used to

perform the first inverse Bayesian analysis to reduce the
uncertainties of the prior distributions, resulting in a new
posterior random vector.

(C𝑖 ↔ C′
𝑖) We repeated the procedure by communicating the C and

C’ steps. We compared the predictions in the form of a
probability density with the observations until the model
was calibrated. Regarding the present case study, the pro-
cedure had to be repeated twice for sufficient calibration.
5

Fig. 5. FE mesh of the P3 cross-section generated in ZSOIL.

3.2. Constitutive laws and mesh

The cross-section geometry was meshed with three sizes of linearly
interpolated quad elements: 0.5 × 0.5 m in the vicinity of the tunnels,
1.0 × 1.0 m over a distance of −30 m resp. 40 m from the axis of the
new tunnel, and then 2.0 × 2.0 m. The three models were subject to
a mesh sensitivity test. Specifically, the mesh size used in the models
was divided by a factor of two, and the resulting output quantities such
as surface settlement, tunnel convergence, and lining bending moments
were compared to those obtained from the original mesh size, as shown
in Fig. 5. The results showed an average difference of 2.5% between
the two mesh sizes, which we deemed an acceptable level of variation.
Consequently, we proceeded to perform the subsequent calculations
using the original mesh size illustrated in Fig. 5. The constitutive laws
used for modelling the soil behaviour were the Hardening Soil with
Small strain extensions (HSS) (Obrzud and Truty, 2010) and standard
Mohr–Coulomb (SMC) models. The HSS model is highly suitable for
handling small deformations at the serviceability limit state (Kawa
et al., 2021). The choice of the constitutive laws and their parameters in
mean value is given in Table 2. Since the aim is to determine the surface
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Table 2
Main geomechanical parameters (mean values) of the constitutive laws and their assumed parameter distributions.

Formation Model Situation Stiffness Resistance Stress state

𝐸50 = 𝐸oed = 1
3
𝐸ur c 𝜑 𝜓 𝐾0 = 1 − sin(𝜑) 𝜈ur 𝑚

(MPa) (kPa) (◦) (◦) (–) (–) (–)

Statistical distribution Lognormal Lognormal Lognormal Deterministic
Coefficient of variation CV = 40% CV = 20% CV = 10% -

Fill HSS Drained 15 0 33 3 0.53 0.2 0

Alluvium HSS Drained 12 14 27 0 0.61 0.2 0

Limestones
Upper HSS Drained 50 8 38 8 0.47 0.2 0
Medium SMC Drained 300 85 45 15 – – –
Lower SMC Drained 400 141 54 24 – – –

Plastic clays
Upper HSS Undrained 20 𝑐𝑢 = 141 0 0 0.72 0.49 0
Medium HSS Undrained 42.5 𝑐𝑢 = 191 0 0 0.72 0.49 0
Lower HSS Undrained 65 𝑐𝑢 = 240 0 0 0.72 0.49 0

Limestones Marly Meudon SMC Drained 75 21 38 8 – – –

Chalk SMC Drained 500 57 41 11 – – –
T
S
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ettlements during the tunnel excavation, the short-term behaviour
drained/undrained) should be considered for each soil layer according
o their corresponding permeability. The assumed short-term behaviour
f each layer is given in Table 2.

.3. Quantity of interest and failure criterion

The quantity of interest of the problem is the settlement at the
round surface, more precisely, the vertical displacement 𝑈𝑦(𝑥) over a
istance of 20 m on both sides of the axis of the new tunnel. The failure
f the system was considered when the surface settlement exceeded
𝑈y,adm| = 10 mm. Formally, the failure state is then defined as:

(𝑥) = 𝑈y,adm − max(|𝑈𝑦(𝑥)|) (10)

.4. Quantification of uncertainties

In practice, field tests rarely allow the determination of a proper
tatistical distribution, including a standard deviation due to an insuffi-
ient number of on-site investigations. However, the available literature
rovides a target distribution and target coefficient of variation for
ome geotechnical parameters (Duncan, 2000; Baecher and Christian,
003; Kayser and Gajan, 2014; Phoon and Ching, 2018). The coefficient
f variation could also be determined based on the experience of other
nvestigations carried out in the vicinity of the project. The statistical
istributions of the soil parameters are gathered in Table 2. The other
odel parameters’ distributions are given in Table 3. The moments of

he static loads are not provided; however, since they are variables
long the longitudinal axis of the tunnel, the corresponding coefficient
f variation is chosen as CV=10 % (Zhao and DeJong, 2023). When
onsidering probabilistic analyses, discussing the correlation of soil
arameters is still relevant. In many practical cases, it is usual to neglect
hese correlations, since they introduce an additional unknown parame-
er (correlation matrix) that is generally not quantified by geotechnical
ests. However, there are many examples in the literature that provide
arget values to consider the dependence between the angle of friction
nd cohesion (Duncan, 2000; Papaioannou and Straub, 2012; Huang
t al., 2014; Zevgolis et al., 2018; Guo and Dias, 2020).

Two cases were therefore treated in the current study. In the first
ase, the intra-parameter dependence is ignored, and a Sobol’ sensi-
ivity analysis can be performed. In the second case, the correlation
etween the friction angle and the cohesion is considered and a sen-
itivity analysis using the general Kucherenko method is used. These
oints lead to an initial problem with 34 random variables, which may
e reduced after performing the sensitivity analysis Appendix.
6

w

able 3
tatistical distributions of the model parameters and their moments.
Parameter Distribution

Friction angle 𝜑 Lognormal ∼  (Table 2)
Cohesion 𝑐′ Lognormal ∼  (Table 2)
Young-modulus 𝐸 Lognormal ∼  (Table 2)
Water table height ℎ𝑤 Gaussian ∼  (29.0, 0.43)
Static building load 𝐹 Gumbel ∼ (𝜇, 0.1μ)
Confinement loss 𝜆 See Section 3.5

Fig. 6. Settlement field for various values of 𝜆.

.5. Confinement loss 𝜆

Initially, it was envisaged to perform the probabilistic analysis
irectly and exclusively on the 3D model. However, since the model
ontains more than 420,000 nodes and 40 calculation steps, the com-
utation time would have been too long. To show the applicability, a
ingle deterministic 3D comparison was carried out. Alternatively, the
hree-dimensional effects could be estimated by the convergence con-
inement method (CC method), which is widely used in conventional
unnelling. The radial displacement of the tunnel is given as a function
f a fictitious pressure 𝑝𝑖 (Eq. (11)). This pressure then tends to zero as
oon as the tunnel face gets closer to a particular cross-section.

𝑖 = (1 − 𝜆) 𝜎0 (11)

Full-face excavation was carried out with 1.0 to 1.2 m passes, and
he temporary support was a HEB200 profile with 0.3 m thick shotcrete.
he convergence confinement method induced a value of 𝜆 = 0.65,
hile the 3D model provided a value close to 𝜆 = 0.4, which was
btained by setting the confinement loss before installing the temporary
upport in the 2D model to obtain equivalent displacements on the
urface in the 3D model. Fig. 6 shows the influence of 𝜆 on the response
f the 2D model 𝑈𝑦. Instead of deterministically fixing the value of 𝜆, 𝜆
as maintained as a random variable that is defined by an assumed
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𝜺

Table 4
Measured settlements on cross-section P3, P2 and P4 during the monitoring phase.
Distance from 𝑂𝑥 (m) −15 −9.6 −9.3 −8.9 0 10.0 15.0
𝑍P3 (mm) −4.00 −5.7 −5.9 −6.1 −6.9 −5.5 −3.5

Distance from 𝑂𝑥 (m) −8.1 0 18.1
𝑍P2 (mm) −6.0 −6.8 −3.9

Distance from 𝑂𝑥 (m) −13.3 −11.6 −3.3 0 3.2 11.7 13.2
𝑍P4 (mm) −1.6 −1.7 −2.9 −3.7 −2.9 −1.7 −1.6
𝜺

Fig. 7. Probability density function of the parameter 𝜆; the dashed lines represent the
values calculated with the 3D model and the CC method.

uniform distribution 𝜆 ∼  (𝑎, 𝑏). The distribution parameters were
set according to the values obtained by the 3D model and the CC
method with an error of 10%, which led to 𝑎 = 0.35 and 𝑏 = 0.7. The
corresponding uniform distribution is shown in Fig. 7.

3.6. Model discrepancy and measurement data

According to Eq. (7), using a model as a predictor requires the
addition of a discrepancy term. Quantifying this error is not easy in
practice, so we first separate the measurement error 𝜺, the original
model error 𝜺 and the metamodel error 𝜺̂:

𝜺 = 𝜺 + 𝜺 + 𝜺̂ (12)

𝜺 was quantified directly by the company in charge of the surveys.
In this case, a tolerance of ±1 mm was considered (taking into
account the direct measurement error as well as the ‘‘breathing’’
of the building material generated by the temperature gradients
during the monitoring and construction phase). Since this tolerance
was absolute and did not depend on the location or the measured
value (no local and size effects), the measurement error was defined
by considering a 5% and 95% confidence interval and reads for all
measurements 𝝈𝜺 = 𝟎.𝟔.

 was selected based on personal judgement. The error was related
to the magnitude of the measured settlements with a coefficient
of variation CV𝜀 = 0.15 → 𝝈𝜺 = CV𝜀 ⋅ 𝒁. This covers errors
related to the elements of the model (typically the mesh size, the
simplification of the stratigraphy, etc.)
7

Table 5
PCKs specifications.
̂PCK  size 𝑇FE (hours) err(PCK)

𝐿𝑂𝑂 (−)

Cross-section P3 300 15.8 4.8 × 10−6

Cross-section P2 300 21.2 6.1 × 10−6

Cross-section P4 300 14.4 6.9 × 10−6

̂ was considered to be zero. In other words, the error caused by
the metamodel was considered negligible. This assumption was
confirmed when testing the accuracy of the metamodels.

During each construction phase, real-time monitoring of the struc-
tures and ground was conducted. The monitoring system was estab-
lished and implemented before construction began, which allowed the
influence of environmental effects such as temperature to be measured.
Regarding structures and ground, 11 theodolites, 1100 targets, 460
m of optical fibres, 25 inclinometers and extensometers were set up.
Monitoring results during the excavation stages P3, P2 and P4 are listed
in Table 4. Bayesian inversions were performed on these measurements.

4. Results and discussion

4.1. Deterministic simulations

Before applying probabilistic calculations to our numerical models,
deterministic analyses were performed with the mean values listed in
Table 2 and 𝜆 = 0.65. The vertical displacement fields of the cross-
sections P3, P2 and P4 are presented in Fig. 8. In this analysis, the P2
cross-section model yields more surface settlement than P3 and P4.

4.2. Metamodelling and verifications

Three hundred input samples following the distributions in Table 3
were randomly and sequentially generated on a single machine and
evaluated by the FE model for each cross-section constituting the
initial experimental designs. This allowed the creation of 3 PCKs whose
characteristics are contained in Table 5. The parameter 𝑇FE represents
the time needed by the FE software to generate the 𝑁 points of the
experimental designs

{

P3,P2,P4
}

. Based on the magnitude of the
LOO errors listed in Table 5, we concluded that the original experi-
mental design gathering 300 sample points was sufficiently large to
Fig. 8. Deterministic FE simulation of vertical soil displacements with prior mean values and 𝜆 = 0.65.
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Fig. 9. (a) Density plot of the PCK metamodel (R3 → R). (b) Isometric view of the metamodel projection on the variables X0018 and X0031 (R2 → R); X0027 is set to its mean
value. (c) Isometric view of the metamodel projection on X0018 and X0027 (R2 → R); X0031 is set to its mean value.
confidently approach the solutions of the original FE models. This result
allowed validation of the assumption made in Section 3.6 relative to
the discrepancy of the metamodels. Furthermore, the magnitude of the
LOO errors shows that we could have generated fewer sample points to
achieve sufficient accuracy.

The metamodel response of the cross-section P3 (𝑥 = 0) is presented
in Fig. 9(a) as a density plot. To interpret this figure, we chose to
project the response onto a reduced two-parameter space by setting the
remaining variable to its mean value. Vertical planes fixed to the mean
values have been added to Figs. 9(b) and 9(c) to illustrate the higher
gradient for small changes in X0018 than those generated by X0027
and X0031. The resulting Figs. 9(b) and 9(c) show the non-linearity
of the approximation response and its characteristic smoothness. Here,
smoothness is understood to mean a noiseless model response. Further-
more, we have interpreted Figs. 9(b) and 9(c) as a qualitative way of
interpreting the sensitivity analysis conducted in Section 4.3.
8

4.3. Sensitivity analysis

Considering the initial 34 random variables of the problem Ap-
pendix, the PCK-based Sobol and Kucherenko sensitivity analyses over
the QoI lead to the result shown in Fig. 10(a). According to Table 1, we
chose a sample size of 𝑁 = 5 × 104 for estimating the indices through
Monte Carlo simulation. Fig. 10(b) shows the convergence of the Total
Sobol’ indices depending on the MC-sample size for the three more
impacting input parameters. We see that convergence is reached even
before 𝑁 = 5 × 104.

Since the QoI is a curve 𝑈𝑦(𝑥), we chose to represent the sensitivity
indices in the form of a gradient varying according to the distance from
the origin 𝑂𝑥. Fig. 10(a) shows that regardless of the position of the
settlement, the model response is always influenced by the same input
parameters. As described in Fig. 4, such sensitivity analyses have been
carried out on each cross-section to ensure that the parameters are not
strongly influenced by its geometry and by the static loads generated
Fig. 10. (a) Bar chart showing the sensitivity analyses from a PCK-based Sobol decomposition (case of independent variables) and Kuchenrenko’s generalized method (case of
dependent variables). (b) Convergence of the Total Sobol’ indices estimation for some chosen input variables at a distance 𝑥 = 0 m.
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Fig. 11. History of the Gelman–Rubin diagnostic of the two inversions.

by neighbouring buildings. The three sensibility analyses performed on
the cross-sections P3, P2 and P4 provided a similar outcome to that
shown in Fig. 10(a).

More exhaustively, the three parameters that most influence the QoI
are:

(X0018) Young’s modulus of the upper layer of the plastic clays,
(X0027) Young’s modulus of the Marly Meudon limestone,
(X0031) Confinement loss 𝜆.

These results showed that the stiffness parameters mainly influenced
the response of the model in a displacement problem. Similar results
were observed by Papaioannou et al. (2013) and Miro et al. (2014) in
slightly different cases of tunnel studies using hardening constitutive
models. The small influence of the correlation between 𝜑 and 𝑐 can
easily be explained by the fact that both parameters have a more deci-
sive effect on the soil strength than on its stiffness. The transformation
from a three-dimensional to a two-dimensional problem also involves
a strong influence of the confinement loss 𝜆 on the model response.

This sensitivity study allowed a definitive reduction of the random
variables from 34 to 3. From this point, the results presented later
in this paper are derived from probabilistic analyses carried out on a
reduced input space of the three above input parameters, which we
defined as the prior.

4.4. Bayesian analyses

The results hereafter come from 2 Bayesian inversions performed
on the cross-sections P3 and P2. First, inversion (P3) was performed on
100 Markov chains containing each 2000 sample points, which enabled
us to obtain apparent convergences of the Gelman–Rubin diagnostic
𝑅̂𝑝 < 1.1, as shown in Fig. 11. The second inversion (P2) was solved
with 500 Markov chains and 15,000 sample points to reach the 𝑅̂𝑝 < 1.1
criteria. As shown in Fig. 11, the first inversion showed a rapid con-
vergence, which we explain by the lack of initial correlation between
the variables. Because of the correlation generated by the inference
on the posterior samples of the first inversion, the high correlation
(especially between the variables X0018 and X0031) on the input of
the second inversion negatively affects the convergence of the Markov
chains. Fig. 12 shows the evolution from prior to posterior distributions.

Inference on the posterior distributions showed that the variables
X0018 and X0027 could be described according to a lognormal distri-
bution and X0031 to a truncated Gaussian distribution bounded by the
uniform prior. The values of the moments defining these distributions
are listed in Table 6. The dependencies between the parameters were
supported, assuming a Gaussian copula defined by the correlation
matrices of the posteriors. These matrices are shown in the upper
part of Fig. 12, while the associated mixed distributions are shown in
the lower part. According to Table 6, the decrease in the uncertainty
9

Fig. 12. Global results of the Bayesian analyses. The density plots represent the
evolution of the copulas over the different updates. The numbers in the upper part
of the matrix represent the evolution of the correlation between the parameters.

Table 6
Updating of the moments (mean and standard deviation) via Bayesian inversions.

Input X0018 X0027 X0031

𝜇𝑋 𝜎𝑋 𝜇𝑋 𝜎𝑋 𝜇𝑋 𝜎𝑋
(MPa) (MPa) (–)

Prior 20.0 8.0 75.0 30.0 0.53 0.10
Update P3 16.3 4.5 80.8 29.9 0.58 0.09
Update P2 16.1 4.2 81.6 29.6 0.58 0.08

through input refinement can be seen in the decline in the standard
deviations 𝜎𝑋 over the inversions. We suspect the second posterior
update is small because of the lack of measurements available on P2.
If the prior distribution of Young’s modulus of plastic clays (X0018)
tends to underestimate the observed settlements, the confinement loss
(X0031) will compensate for this underestimation during the Bayesian
inversion, and vice versa. This is how the correlation between X0018
and X0031 can be explained.

4.5. Reliability analyses

In parallel to the Bayesian inversions and according to Fig. 4,
uncertainty propagations were performed to compare the on-site mea-
surements and the probability density function of the model response.
PDF curves were generated by running 𝑁 = 107 model evaluations on
PCK approximation models. According to Eq. (6), the probabilities of
the failure 𝑃𝑓 were calculated directly by setting the failure function
𝑔(𝑥) to the value given in Section 3.3. They were then compared to the
reference value used in Eurocode 0. For validation, the AKMCS method
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Table 7
Probabilities of failure (𝑃𝑓 in %) that the surface settlement exceeds 10 mm using MC
(𝑁 = 107) and AKMC analysis.

Input P3 P2 P4

MC AKMC MC AKMC MC AKMC

Prior 4.05 4.01 4.36 4.60 0.06 0.07
Update P3 <10−5 <10−5

Update P2 <10−5

was applied to the original FE model to ensure that the experimental
design along the failure surface was sufficiently accurate. The PDF
curves displayed in this section represent the settlements of the ground
at a distance 𝑥 = 0 m from the origin. Table 7 summarizes the failure
probabilities for the three cross-sections. It can be seen that some values
have been deliberately truncated according to the empirical rules given
in Table 1. Since the sample size is 𝑁 = 107, the maximum expected
accuracy is of a magnitude 𝑃𝑓 > 10−(𝑘−2), where 𝑘 = 7.

4.5.1. Cross-section P3
The cross-section P3 is the first phase of the tunnel excavation.

The unique information contained in the prior is given by the site
investigation and target values in the literature. Propagating uncertain-
ties according to the prior’s distribution led to the output distribution
shown in Fig. 13(a). The mode of the model prediction is located
at a settlement of −4.0 mm when the measurement was reported at
−6.9 mm. Fig. 13(b) shows the convergence of the failure probability
(threshold according to Section 3.3) of an AKMC simulation. According
to a confidence interval of 1%, convergence was reached after 79
evaluations of the original FE model. The resulting failure probability
yields the same value as the Monte Carlo analysis performed on the
PCK model (see Table 7).

Through Fig. 13(a), we noticed that the numerical model under-
estimates the settlement. Nevertheless, the probability of exceeding
−10 mm of the settlement was calculated to be 4.01%, below the 6.7%
threshold proposed by the Eurocode for a 50-year duration.

Fig. 13. (a) Probability density function from Monte Carlo simulation. (b) AKMC
analysis yielding a convergence at 𝑃𝑓 = 4.01%.

4.5.2. Cross-section P2
Fig. 14(a) contains two predictions: the first prediction comes from

the prior, and the second prediction comes from the posterior associ-
ated with the inversion performed on the cross-section P3. The modes
of the distributions are MoPrior = −4.0 mm and MoUpdateP3 = −6.85 mm,
respectively. Fig. 14(b) shows the cumulative density functions for
several thresholds 𝑈y,adm.

On the cross-section P3, we noticed that the model underestimates
the settlements. As shown by the deterministic analyses illustrated in
Fig. 8, the cross-section P2 is the most critical in terms of surface
movements. Reflections based on the deterministic analyses may have
led to reinforcement actions to ensure that settlement does not exceed
−10 mm. However, after refining the prior, we could train our predictor
10
and thus ensure that the probability of exceeding the threshold set-
tlement was close to zero. The posterior results with low probability
failure allow possible optimization of supporting and lining structures
(augmentation of distance between supporting profiles, reduction of
profile size, etc).

Fig. 14. (a) Probability density function from Monte Carlo simulation. (b) Probability
of failure depending on a threshold 𝑈𝑦,adm.

4.5.3. Cross-section P4
The cross-section P4 is located at a distance of 94 m from P2.

Propagating the prior and the inversions performed on P3 and P2 yields
the PDF in Fig. 15(a). The modes of the distributions are MoPrior =
−2.25 mm, MoUpdateP3 = −3.7 mm and MoUpdateP2 = −3.8 mm. Thus
far, we have only shown results at one particular node located at the
vertical axis of the tunnel 𝑈𝑦(0), while the quantity of interest was
defined as the whole curve from 𝑥 ∈ [−20; 20] m. Fig. 15(b) introduces a
probability density field of the complete settlement curve. Black marks
represent the in situ measurements. The probability density component
is illustrated with a colour gradient varying from 0 to 0.8.

Fig. 15 shows that the settlement prediction remains reliable with
the last two updates despite the distance between the two cross-
sections. This favourable result is explained by the fact that the soil
stratigraphy between P2 and P4 varies only slightly with respect to the
tunnel axis. However, the conclusions could be different if the thickness
and height of the soil layers vary significantly.

Fig. 15. (a) Particular solution of the density function field at 𝑥 = 0 m. (b) Complete
PDF field of the surface settlements for the P4 cross-section with in situ measurements
according to the last posterior input.
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5. Conclusion

In the present paper, a global finite element-based probabilistic
framework using metamodelling is proposed. This probabilistic frame-
work has then been applied to a real-world case study of a tunnel
starting from the White House Subway Station in Paris to predict
ground settlements during tunnel construction. The obtained results
allow the following conclusions to be drawn:

(1) The creation of a suitable metamodel using PCK method helps
limiting FE model calculations to a reasonable number of sam-
ples with good approximation results.

(2) The a priori distributions for input parameters can be determined
based on geotechnical investigations results and formerly known
knowledge.

(3) The presented sensitivity analyses allow to identify key input
parameters. For problems with a large number of uncertain
parameters, it enables a significant reduction of computation
time.

(4) Probabilities of failure or reliability beta-indices can then be
derived using metamodeling-powered Monte-Carlo and Adaptive
Kriging Monte-Carlo Simulations methods.

(5) By means of field monitoring measurements, Bayesian inverse
analyses help specify the probability that settlements exceed
acceptable values by updating the a priori hypotheses. Hence,
the a posteriori results are refined with a better prediction of
displacements.

(6) It can be concluded from this work that the probabilistic ap-
proach using finite element method has a promising potential
to enhance the reliability assessment for SLS cases, which can
afterwards enrich design codes.

The proposed global probabilistic framework proves to be suitable
or serviceability problems related to tunnel excavation in urban areas,
ot only in terms of prediction quality but also in terms of computation
ime, thus making it applicable for other practical applications. The
ext steps are to apply this framework to numerical models considering
ydromechanical coupling and to larger 3D models.
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Table A.8
Complete list of random variables.

Variable Formation Parameter

X0001 Fill Friction angle 𝜑
X0002 Cohesion 𝑐
X0003 Modulus 𝐸oed

X0004 Alluvium Friction angle 𝜑
X0005 Cohesion 𝑐
X0006 Modulus 𝐸oed

X0007 Upper limestones Friction angle 𝜑
X0008 Cohesion 𝑐
X0009 Modulus 𝐸oed

X0010 Medium limestones Friction angle 𝜑
X0011 Cohesion 𝑐
X0012 Modulus 𝐸oed

X0013 Lower limestones Friction angle 𝜑
X0014 Cohesion 𝑐
X0015 Modulus 𝐸oed

X0016 Upper clays Friction angle 𝜑
X0017 Cohesion 𝑐
X0018 Modulus 𝐸oed

X0019 Medium clays Friction angle 𝜑
X0020 Cohesion 𝑐
X0021 Modulus 𝐸oed

X0022 Lower clays Friction angle 𝜑
X0023 Cohesion 𝑐
X0024 Modulus 𝐸oed

X0025 MM limestones Friction angle 𝜑
X0026 Cohesion 𝑐
X0027 Modulus 𝐸oed

X0028 Chalk Friction angle 𝜑
X0029 Cohesion 𝑐
X0030 Modulus 𝐸oed
X0031 – Confinement loss 𝜆
X0032 – Water table height ℎ𝑤
X0033 – Building load 1 𝐹1
X0034 – Building load 2 𝐹2
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